Rangeland ecologists have elucidated 2 apparently distinct processes underlying rangeland dynamics. In some cases, disturbed or recovering rangelands move through a gradual, continuous series of changes which has been termed succession. In other illsfances, rangeland dynamics are typlfied by sudden, discontinuous changes in the vegetation, and this has been called state-and-transition. Catastrophe theory is a mathematical framework designed for the study of discontinuous phenomena, but it also generates models that permit continuous dynamics. Based on available literature, it appears that rangeland ecosystems conform to the mathematics of catastrophe theory. Rangelands exhibit the 5 essential symptoms of catastrophe systems: modality (distinct conditions or states of existence), inaccessibility (conditions which are very unstable), sudden changes (relatively rapid movement between states), hysteresis (processes associated with degradation or recovery are not readily reversible by simply inverting the sequence of events), and divergence (relatively small changes in initial conditions can result in dramatically different outcomes with time). Catastrophe theory has been successfully used to model rangeland grasshopper population dynamics, and it appears that many of the same control variables affecting insects (e.g., temperature and precipitation) may also underlie vegetative community dynamics. Application of catastrophe theory to empirical data sets will require relatively long-term but low-intensity research efforts.
Range management depends on accurate models of the dynamics which underlie the extractable resources of the world's rangelands. In this regard, there are 2 competing, conceptual models that have been used to explain rangeland ecosystem dynamics. The older model is that of range succession (Clements 1916 , Sampson 1919 , Dyksterhuis 1949 . This concept calls for smooth, continuous, and reversible changes along a gradient of ecological states. The underlying theory depends on ecosystems having predictable, repeatable processes of development from a disturbed state through 1 or more seral stages and finally reaching a climax condition.
The alternative view recognizes the concept of discontinuous, irreversible changes, the nature of which may not be easily predictable over the long-term. Although this concept is not new, it has only recently been explored in terms of understanding rangeland dynamics with the development of the state-and-threshold model of Laycock (199 I) . In this paradigm, rangeland ecosystems do not necessarily return to an original or climax state following disturbance. Thus, eliminating the cause of a particular change in the system (e.g., reducing grazing or ending a drought) may not result
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in a predictable sequence of events that return the system to its original condition. Recent work (Dodd 1992 , Friedell991, Laycock 1991 , Westoby et al. 1988 has suggested a dichotomy between the 2 dominant conceptual models used to describe rangeland condition dynamics. The nature of these 2 paradigms (the continuous, reversible, predictable dynamics of the succession model versus the discontinuous, irreversible, unpredictable dynamics of the state-and-threshok! model) results in 2 significant difficulties with the current state of ecological modeling in range management.
First, there appears to be a dilemma with respect to resolving the applicability of the succession and state-and-threshold models to any particular system. In classical scientific terms, it appears that the state-and-threshold paradigm excludes the possibility of an underlying continuous process inherent in the succession paradigm. It has not been suggested that the older model is without applicability (Dodd 1992 , Westoby et al. 1989 ; rather, there are some demonstrable conditions under which it does not appear to function. As such, unless there is a single model that captures both continuous and discontinuous dynamics, range scientists are in the unenviable position of having to choose between these 2 paradigms (Dodd 1992) . Such a choice is confounded by what appears to be little empirical evidence to determine which system is most likely to apply in any given ecosystem. Although Schlatterer (1989) developed a model that allows both successional (reversible) and irreversible changes, it did not clearly integrate the state-and-threshold model; the model did not include a means by which one might know (except retrospectively) which process would occur in a particular system; and it did not provide a coherent explanation of why both processes were possible. Second, conceptual models (i.e., the current formulations of the succession and state-and-threshold systems) are extremely valuable initial tools for organizing, defining, describing, and categorizing; but they have serious limitations and must eventually mature into a mathematical framework to realize their full potential. Conceptual models are virtually always post factum descripti0.a of what has happened, and they provide relatively little information with respect to forecasting and prediction. As such, they are a starting point for, but do not in themselves constitute, an adequate theoretical base for a scientific discipline. Without an underlying mathematics to define the model, qualitative descriptions often given rise to a condition of multiple paradigms, which is considerably less valuable than a unified theory of system dynamics. Finally, a lack of mathematical rigor prevents the formulation of clear research questions with which to validate or dismiss a particular model. Without a mathematical system, the "testing" of a model becomes a process of accumulating retrospective case histories.
A solution to these 2 problems of conceptual models in range ecology must include both a unification of the succession model with the state-and-threshold model and accomplish this integra-tion through an established mathematical system. Although range scientists are aware of the ecological literature related to discontinuous systems, there is no widespread understanding of the associated mathematical theories which may be used to solve the dilemma of multiple, conceptual paradigms. It is the purpose of this paper to introduce the field of catastrophe theory and to explain how this theory may unify the existing range ecology paradigms with a single mathematical theory.
Catastrohe Theory
Catastrophe theory was developed by Thorn (1972) to provide a theoretical framework for studying discontinuous phenomena in otherwise continuous systems. In some ways the original designation of the dynamics as "catastrophic" is unfortunate because this term is colloquially used to describe extreme and negative changes. In the mathematical usage (Thorn 1972) , the term refers to processes which are manifested as sudden, quantum changes in the state of the system (e.g., the shift of an animal's behavior from attack to submission, the perceptual shift which occurs with many optical illusions, or the changes in the state of an embryo during development [Saunders 19801 ). Zeeman (1972 Zeeman ( , 1976 Zeeman ( , 1978 subsequently popularized the theory and suggested a wide spectrum of applications in the social and biological sciences. Despite the initial interest in catastrophe theory among ecologists, it has been the physical scientists and engineers who have made the greatest use of the mathematics. The irony in this situation was elucidated by Gilmore (1981) , who observed that the physical sciences do not ultimately need catastrophe theory because the underlying equations for relevant dynamics already exist and their properties will eventually be discovered. Rather, it is in the life sciences, where the underlying equations are far from known, where catastrophe theory may have its greatest and most numerous applications. Although Gilmore (1981) went on to predict that catastrophe theory would remain largely in the realm of the physical and engineering sciences, the theory has garnered some attention in range management. Jameson (1988) noted the potential applicability of the theory to modelling ecosystem dynamics, but he overlooked one of the critical properties of catastrophic systems (inaccessibility, see Catastrophic Symptoms). More importantly, he viewed the theory as simply another tool, and failed to recognize the broader implications which allow for a unification of the successional and state-and-threshold concepts. Most recently, catastrophe theory has been used to gain insight to and generate accurate predictions of the dynamics of rangeland grasshopper populations (Lockwood and Lockwood 1991) . It is largely from this work that we derive the following description of the theory.
Catastrophe theory deals directly with the properties of mathematical singularities (i.e., sudden changes or discontinuities) in systems which possess a smooth, underlying potential. The necessity of a smooth function arises from the fact that we are interested in the origin of discontinuities, and nothing is gained if we merely assume they are built into the dynamics. That is, if we are free to arrange the discontinuities as we please (as with some conceptual models) our models become simply descriptive accounts, without a clear rationale. As such, catastrophe theory is particularly appropriate for the study of systems whose inner workings are unknown and for situations in which reliable observations relate to the discontinuities. Thus, the theory appears to have significant potential in unifying the 2 paradigms of range ecology.
Catastrophe theory addresses the specific conditions in which discontinuous behavior (characteristic of the state-and-threshold paradigm) can emerge from an underlying smooth potential (characteristic of the succession paradigm). Perhaps the only drawback of the theory in this regard is that it is tailored to address the singularities rather than the continuous function. However, there currently appears to be greater interest in the discontinuities in rangeland ecosystems, and this dynamic may be the more important feature of an effective management strategy (Ellis and Swift 1988) .
Catastrophe theory describes the qualitatively different discontinuities in a given system that can be completely specified by 1 or more state variables (e.g., rangeland condition classes) and that is driven by 1 or more independent control variables (e.g., temperature, rainfall, and fire). The theory is constrained by a practical assumption. In Thorn's (1975) definitions of elementary catastrophes, the control variables are restricted to 5. As Saunders (1980) points out, this assumption is less of a restriction than it might seem, because we can omit any independent control variables which do not have a significant effect on the discontinuity (remember that it is the sudden change, not the underlying continuous dynamic, that is the principal object of interest). Moreover, if more than 5 control variables are critically involved in the discontinuity of a system, then the analysis becomes intractable.
The simplifying elegance of catastrophe theory lies in the discovery that the number of qualitatively different discontinuities that can occur depends not on the number of state variables, which may be extremely large, but on the number of control variables, which is generally small (Saunders 1980) . In range ecology there has been some rational reduction of the state variables into a limited set of functional groups (e.g., Friedel et al. 1988) , and this process facilitates the application of catastrophe theory by defining the essential states of a system. However, even with this simplification of state variables, to model large and complex systems (such as rangelands composed of numerous soil types and dozens of plant species, each with its own set of herbivores and abiotic tolerances) by conventional, mechanistic means would require us to develop a's many differential equations as there are state variables which specify the system, supply initial conditions, solve the equations, and then try to comprehend the solutions. Even if the rangeland ecosystem can be categorized into a relatively small number of states, mechanistic models of the dynamics are likely to be intractable. This may be particularly true if virtually every rangeland system has a unique set of regulatory mechanisms, which seems to be the case based on the models of Westoby et al. (1989) . As noted by Lockwood and Lockwood (1991) , a typical rangeland ecosystem is likely to be governed by more than 20,000 direct or primary relationships, and inclusion of indirect effects results in over 1 billion interactions between the living components of the system. If only 1% of the direct relationships are mechanistically important, we will need to develop and parameterize 200 mathematical expressions. With very few assumptions, catastrophe theory makes it possible to predict much of the qualitative behavior of a system without knowledge of these interactions, much less solutions to the associated differential equations (Saunders 1980 ). This is not to say that ordinary differential equations may not provide a powerful tool if the mechanisms of rangeland ecology are elucidated (catastrophic behavior can arise even in simple systems of ordinary differential equations [Murray 1980] ), but at this time neither the precise mechanisms not the quantitative relationships necessary to describe the mechanisms appear to be available.
Fold Catastrophe
The fold is the most simple expression of catastrophe theory. As described by Saunders (1980) , the fold catastrophe occurs along a response curve of the state variable in relation to a single control variable, the result of which isa parabola defining the equilibrium surface ( Fig. 1) . As the state variable moves along the parabola, where u < 0, to the point of inflexion (at the origin: 0, 0), it "jumps" into the undefined region, where u > 0. The 2 limitations of the fold catastrophe in its most elementary form are that there is only a single control variable, and unless we hypothesize a second fold or other modification (Saunders 1980) , the dynamic is unidirectional because the state variable becomes undefined after a catastrophe. However, this model successfully demonstrates how a single expression can account for both smooth, continuous dynamics and sudden jumps.
Cusp Catastrophe
Of the 7 catastrophes that can occur with 4 or fewer control variables (Saunders 1980) , the cusp catastrophe has had the greatest utility in the biological sciences (Zeeman 1976, Lockwood and Lockwood 1991) . Although for some systems the overriding control may be expressed with a single variable Lockwood 1988, Ellis and Swift 1988 ), this appears to be an exceptional condition. The utility of the cusp catastrophe may reflect the fact that it is the most parsimonious elementary catastrophe that includes more than a single control variable, and discontinuities in most living systems appear to be the consequence of more than a single factor. Thus, the sudden conversion of a dog's state from submission to attack has been modelled using the 2 behavioral parameters of rage and fear (Saunders 1980) ; cellular frontiers in embryology have been modelled using space and time as control variables (Zeeman 1974) ; prey biomass and time have been used to model predator outbreaks and crashes in chemostats (Bazin and Saunders 1979) ; and expressions of socio-political costs and threats have been used to understand the formation of government policy (Isnard and Zeeman 1976, Zeeman 1977) . For the purpose of illustrating catastrophe theory in context of rangeland dynamics, the cusp catastrophe has the added advantage of having a solution that can be represented in 3 dimensions. While 3 and 4 variable systems can be used, if necessary (e.g., Jameson 1987), the essential features and properties are best illustrated with the cusp; rational extrapolations to the 4 and 5 dimensional solutions of more complex models should be apparent. Finally, there appears to be a number of cases in rangeland ecology where a 2-state system (e.g., arid and semiarid rangelands with distinct states represented by grassland and woodland or intact and degraded soil) having a pair of dominant control variables (Westoby et al. [I9891 specifically argue that 2 control variables may very often capture the essential dynamics of rangeland systems) may be a reasonable reflection of reality (Foran et al. 1986 , Friedel 1991 .
The cusp catastrophe is the simplest of the bifurcation catastrophes, in which very small perturbations in initial conditions can lead to very different dynamics (see Appendix). The cusp catastrophe occurs in a response surface of a state variable in relation to 2 control variables. These latter variables are known as the normal and splitting factors. That is, across a range of values for the normal factor, any change in the splitting factor results in only smooth or "successional" changes in the state of the system (Fig. 2) . However, when the normal factor falls within another range of values, the equilibrium surface which defines the state of the system is split, and changes in the other variable may give rise to discontinuous or "state-and-threshold" dynamics (Fig. 2) ; that is, as the control variables change and the state variable crosses the cusp edge, it will suddenly jump to the other leaf of the surface. This bifurcation is of particular interest because it represents a catastrophic change in the system (e.g., a change of state from one condition class or habitat type to another). The nature of the control variables is not predetermined. Either intrinsic variables within a feedback system (e.g., herbivore grazing or decomposition rates) or extrinsic variables indirectly modifying or outside of a feedback loop (e.g., weather or herbicide application) may be appropriate (Zeeman 1974 (Zeeman ,1977 Isnard and Zeeman 1976; Bazin and Saunders 1979) .
Catastrophic Symptoms
Because application of catastrophe theory to an ecological problem is not a simple task nor are all ecological dynamics catastrophic in nature, it is useful to determine if a particular system is likely to be accurately described with the theory. In this regard, theoretical and empirical evidence (Zeeman 1978; Lockwood 1988, 1991) have established that catastrophic systems exhibit a unique set of symptoms. The 5 symptoms or flags of the cusp catastrophe have been clearly observed and documented in rangeland ecosystem dynamics.
The first symptom is modality, which refers to the existence of the system in distinct states. These states are represented by the 2 surfaces of the cusp (Fig. 2) or the multiple surfaces of more complex catastrophic models. It is clear that range ecologists have identified modality. Multiple ecological states appear to be com-mon throughout the world (Ellis and Swift 1988 , Westoby et al. 1989 , Friedel 1991 , Laycock 1991 . While Westoby et al. (1989) recognized both states and transitions, they appear to have excessively complicated their models by defining even transitory conditions as states. The concept of discrete states of the system and the transitions between states has been clarified in recent studies. Most recently, Friedel (1991) refers to the existence of discontinuous environmental change between "alternative states"and graphically defines distinct states found in arid open woodland range. Laycock (1991) adopted and clearly applied the "state-and-threshold" concept to describe ecosystem dynamics and in so doing ascribed to the notion of modality.
The next symptom is inaccessibility, or the occurrence of unstable equilibria or thresholds (Berryman 1982) , represented by the infolded region of the cusp (Fig. 2) . Again, Westoby et al. (1980) , and most recently both Friedel(199 1) and Laycock (199 l), have clearly and coherently argued for the existence of unstable equilibria. The "cup-and-ball" anology has been used to capture the concept of thresholds which separate steady states (Hurd and Wolf 1974) . Indeed, the cup-and-ball conceptualization can be found both in Laycock's (1991) model of rangeland dynamics and in Saunder's (1980) explanation of elementary catastrophes. What is expressed in the "cupand-ball"is the perceived existence of singularities and attractors or local minima of the potential.
The third condition indicating a catastrophic system is the existence of sudden jumps, which are seen when a trajectory reaches an edge of the cusp (the area of inaccessibility) and jumps to the alternative sheet or condition (Fig. 2) . The occurrence of quantum leaps or discontinuities is explicitly developed by Friedel (199 l) , who suggests that environmental change on rangeland can be "discontinuous" (Bradbury et al. 1983/4 ). This symptom is also implicitly supported by Laycock (1991) in the concept of thresholds through which a system passes rapidly between 2 steady states.
The next system is hysteresis, which refers to the property in which a trajectory associated with a jump in one direction (e.g., from the upper to the lower sheet of the cusp in Fig. 2) is different from the trajectory resulting in a jump in the opposite direction. That is, a trajectory passing through the point where the system falls to the lower sheet will not, at the same point, jump up to the upper sheet. Noy-Meir and Walker (1986) described hysteresis at the effect where decline and recovery follow different paths, and Friedel(l991) built on the work of Westoby et al. (1989) in adapting this property to a model of rangeland ecosystem dynamics. Friedel(199 1) suggested that shifts between states of rangeland are not practically reversible without substantial human intervention, which is another formulation of the hysteresis property (see Coffin et al. 1991 ). Archer's (1989) study of the conversion of mesquite savannas to woodlands was used by Laycock (1991) to support the concept of hysteresis; he suggested that while heavy grazing may drive a rangeland plant community from one state to another, the simple elimination of grazing after the transition will not result in the return of the system to its original state. Indeed, Laycock (1991) deviates from the global model, which suggests that ecological systems always returns to a single climax state, by arguing that hysteresis must be considered as a component of the system. Finally, divergence is the symptom which arises when relatively small changes in the control variables result in markedly different behaviors of the system (Fig. 2) . This concept appears to be strongly supported by the work of Gleason (1926) and Egler (1954) , which found that rangeland plant communities may be regulated by relatively small differences in the conditions at the time of disturbance. The work of Westoby et al. (1989) and West (1979 West ( , 1988 suggests that in at least some systems, seemingly small changes in control variables (e.g., rainfall events or light grazing) may cause a transition between distinct states. Friedel(l991) also alludes to divergence in recognizing that different communities have different susceptibilities to change. Schlatterer's (1989) contention that the particular path of vegetative change is determined by the kind, duration, and intensity of disturbance also allows the property of divergence.
Advantages of Catastrophe Theory as a Framework
Appropriate policies and management strategies are only possible if the fundamental dynamics of the rangeland system are clearly understood (Ellis and Swift 1988) . While Laycock (1991) is certainly justified in arguing that we should begin with conceptual models to organize available information, it is critical for ecologists to develop these models from systems of qualitative concepts, generalizations, and assumptions (Westoby et al. 1989 ) to rigorously testable systems with clearly defined relationships. Laycock (1991) observed that the conceptualized models of scientists (i.e., the system of discontinuous dynamics between multiple stable states of rangeland) must be communicated to managers; but it is equally essential that ecologists communicate their conceptual models to mathematicians in order to fully realize the potential of the models. The advantages of moving from conceptual models to mathematical formulations (when such a move is, in fact, possible) include the capacity to test and validate the model, the ability to modify a known mathematical expression to meet site specific conditions, and the capacity to manage the resources using objective, quantitative measures. In that there appears to be considerable consensus among range ecologists that some hybridization of the successional and state-and-threshold models is needed, catastrophe theory offers at least 3 advantages.
First, the mathematics of catastrophe theory allows for both continuous and discontinuous changes in a system, although the latter are the primary dynamics of interest. Because the control variables may include internal feedback factors and external stressors, the elements of successional and nonequilibrial (sensu Ellis and Swift 1988) dynamics can be addressed. As such, even a single rangeland site can be modeled with allowance for both types of dynamics, and such situations appear to be possible (Ellis and Swift 1988, Laycock 1991) . Next, because the mathematical framework of catastrophe theory is established, the discontinuities in the system being modeled are truly emergent from the control variables. Thus, the transitions between states in the model are not conveniently imposed (as appears to be the general case in existing, conceptual models) but emerge from known qualitative and quantitative relationships. Lastly, because catastrophe theory does not require a strict formulation of the mechanistic processes underlying the dynamics, it is possible to apply the theory to extremely complex systems whose internal workings have yet to be quantitatively elucidated. It appears that available knowledge of rangeland ecology is much more consistent with qualitative nonmechanistic efforts than with mechanistic models and their associated need for parameterization (Friedel 1991) .
A final, possible advantage of catastrophe theory arises from the conceptual nature of the cusp (or more complex models). The cusp captures both the smooth, successional transitions and the discontinuous changes in a system. It may be that even if it takes some time to collect the necessary data to validate the catastrophic models, the conceptual model (Fig. 2 ) may prove valuable in capturing the processes that appear to occur on rangelands.
Limitations of Catastrophe Theory
In addition to limitations of catastrophe theory that arise from the nature of the mathematics (i.e., the model specifically focuses on the discontinuous events in a dynamic, there must be an underlying smooth potential or related function, and there can be no more than 4 control variables, for practical purposes), there are some philosophical difficulties. Catastrophe theory has been legitimately criticized (Berryman and Stanseth 1984) for being a descriptive allegory that provides little mechanistic insight into the biological phenomena that give rise to catastrophic behavior Zahler 1976,1978) . Because catastrophe theory does not require precise knowledge of the manner in which the control variables impact the state variables (only that the latter have important effects on the former), it can be said that the theory fails to explain the underlying phenomenological causes (Berryman and Stanseth 1984) . These objections to catastrophe theory require 2 responses in context of rangeland management.
First, from a management perspective we are not immediately concerned about the mechanistic explanation of rangeland dynamics. While this argument perhaps overstates the case, it is clear that the manager needs accurate qualitative information regarding the effects of control variables on future dynamics, not a definitive ecological theory or mechanism that explains why the forecast works (Dodd 1992) . Knowledge of regulatory mechanisms is undeniably valuable in developing sound range management practices, but the manager benefits from qualitative solutions (e.g., will grazing result in a conversion of grassland to woodland?), not quantitative mechanisms. Although theoretical ecologists may be somewhat frustrated by the "black box" approach of catastrophe theory, it remains a useful tool for analysis of complex systems. This leads to the second response to the above criticisms.
As Saunders (1980) points out, the advantage of catastrophe theory lies in the modeling of systems with intractably complex inner workings. So, it hardly seems to be a weakness that catastrophe theory fails to explain mechanisms that are well beyond the scope of our current understanding. For example, while we do not know the precise mechanisms through which precipitation influences each rangeland plant species (e.g., direct water uptake, promotion of fungal diseases, mediation of herbivore populations, etc.), there appears to be no question that rainfall is a dominant catastrophic control variable on some rangelands. Because there is an imminent need for prediction of state shifts due to natural and management inputs and the determination of feedback and other mechanisms for each rangeland type is a long way from completion, catastrophe theory seems to be an appropriate technique for qualitative, nonmechanistic analysis and forecasting.
Application of the Theory: A Rangeland Example
Catastrophe theory was first applied to the rangeland ecosystem by Lockwood and Lockwood (199 1) in understanding and predicting weather-driven grasshopper population dynamics. Although fluctuations in grasshopper populations and weather conditions are clearly interrelated, attempts at defining linear relationships had been largely unsuccessful (Watts et al. 1982) . The accuracy of grasshopper population models had been unsatisfactory due to 2 factors. First, pest infestations exhibit extremely rapid increases and decreases in density and area, and these changes are difficult to capture with continuous or linear models (Lockwood and Lockwood 1988) . Second, the precise role of weather in mediating grasshopper populations is unknown (Watts et al. 1982) . Although weather acts directly on grasshopper physiology, its effects are also mediated through food plant quality and quantity, predators, parasites, and diseases (Joern and Gaines 1990) . Thus, a nonmechanistic model that incorporated the possibility of sudden changes in the system was needed, and catastrophe theory provided such a tool.
It was not surprising to find that grasshoppers exhibited the 5 classical symptoms of a cusp catastrophe, given that these insects are intimately linked to rangeland plant dynamics which also appear to be catastrophic (see Catastrophic Symptoms). The element of modality or distinct states is apparent from the outbreak and nonoutbreak conditions of rangeland grasshoppers. In grasshopper populations, inaccessibility can be seen in the existen., of unstable population densities, recognized as "threatening" conditions that are likely to precede an outbreak. Sudden jumps from low-to-high or high-to-low densities or areas of infestation are the classicial population dynamics on western rangelands (Capinera 1987, Lockwood and Lockwood 1988) . The symptom of hysteresis is evident from the realization that in grasshopper populations, simple reversal of the sequence of conditions that generate an outbreak is not likely to precipitate a crash. Finally, divergence or sensitivity to initial conditions is seen in rangeland grasshopper population dynamics. Small changes in weather may result invery different population dynamics. That is, outbreaks do not require years of serious drought, and population crashes may be induced by relatively discrete periods of rainfall (Pickford and Riegert 1964) . Thus, all of the symptoms expected in a catastrophic system were found in rangeland grasshopper population dynamics.
Based on this qualitative assessment of grasshopper ecology, we used 28 years of bimonthly mean temperature and total precipitation data as the 2 control variables for a cusp catastrophe model, in which the state variable was the area infested at outbreak (29.6 grasshoppers m-') or threatening densities (>3.6 grasshoppers me2 but <9.6 grasshoppers mm') (Lockwood and Lockwood 1991) . The model was applied to 4 ecotopographic regions of Wyoming to determine the accuracy of both matching the observed, historical dynamics and predicting future conditions. With regard to matching observed dynamics, we used 3 scales of catastrophic change-a 1530, and 45% increase or decrease in the area of a region that was infested from 1 year to the next. With respect to predicting dynamics, data from [1988] [1989] [1990] were not included in model development so that novel cases could be used for validation.
In all regions, the cusp catastrophe model generated a match to observed outbreaks and crashes at a frequency significantly (P<O.OS) better than chance (Lockwood and Lockwood 1991) . In general, the model was most effective in regions that had the most serious history of outbreaks. The accuracy of the cusp catastrophe increased with the intensity and scale of the infestation (e.g., largescale changes [145% of a region] were modeled without error). In general, outbreaks were more accurately modeled than were crashes, and weather in April-May provided the best control variables. The model was also useful in forecasting. In the Platte Valley (the region of most serious grasshopper outbreaks), the actual area of infestation fell within the forecasted range in each year of validation. In the Thunder Basin (a region of moderately severe grasshopper outbreaks), the predictions were accurate in 2 of 3 cases; in 1989 an outbreak of 27,000 ha was predicted but did not occur. Thus, a cusp catastrophe model matched historical grasshopper population dynamics and effectively predicted future changes in the area of infestation.
Future Directions
Presently, catastrophe theory is a tool with demonstrable potential but no proven applications to rangeland plant ecology. The finding that this mathematical theory accurately models rangeland grasshopper population dynamics in bothpostfacto and predictive modes (Lockwood and Lockwood 1988,199l ) using weather variables, provides some encouraging evidence that other rangeland organisms with populations largely influenced by weather can be successfully modeled with this approach. Indeed, it seems likely that the types of data necessary to use and validate this theory on rangeland plant communities are forthcoming. Westoby et al. (1989) identified the need to determine the factors which result in particular transitions. Even without access to the mathematical theory, Laycock (1991) had the insight to express the fundamental elements of catastrophe theory; he recognized the imminent need for the identification (and measurement) of state and control vari-ables. Fortunately, it appears that in many rangeland ecosystems 1 to 3 control variables are principally involved in the dynamics (i.e., fire, precipitation, and grazing [Ellis and Swift 1988, Westoby et al. 1989, Friedell991, Laycock 19911) . Indeed, Westoby et al. (1989) collapses all control variables into 2 types: natural events and management actions. The other essential components of catastrophe theory, state variables, appear to be quite highly refined and clearly defined for at least some ecosystems (e.g., Friedel et al. 1988) .
The actual utility of catastrophe theory can be evaluated when data sets have been developed which include both state and relevant control variables over a reasonable period of time. This time period is critical. It must include examples of at least the principal dynamics that occur in the system and may, therefore, require several decades of data (although continuous records may not be essential). For the model to have sufficient information to construct a reasonable facsimile of the ecological events, at least 1 case (and preferably several) of each type of discontinuous event seen in the system must be available. In this regard, it is essential for the application of catastrophe theory, or even the further development of the existing conceptual models, that ecological data be collected with attention to the states and factors or control variables which likely produce these states (directly or indirectly). Thus, in developing data sets to validate catastrophe theory, the most reasonable state variables will likely be the condition classes or habitat types relevant to a particular rangeland ecosystem; and the most valuable control variables will probably include weather (temperature and precipitation), fire, and herbivore grazing intensity.
Conclusions
According to both Friedel(l991) and Laycock (1991) , there is a largely insufficient existing theoretical base for the conversion of the conceptual models of rangeland ecosystem dynamics into sound management strategies. Catastrophe theory has allowed coherent synthesis and understanding of such complex systems as anorexia nervosa in humans (Zeeman 1976, Steward and Peregoy 1983) , collapse of elastic structures (Zeeman 1976) , and population dynamics of rangeland grasshoppers (Lockwood and Lockwood 1991) . As such, it appears that this mathematical system represents the possibility of translating conceptual models into verifiable formats which may then be used in the development of management practices.
As a scientific field is studied, over time, there comes an increasing structure which is often mathematically based. Thus, physics, studied for millennia, is the most mathematical of the sciences (indeed in this century the boundaries between many mathematical subjects and physics have virtually disappeared). Chemistry was quantified next, but even today much of the biological sciences defies mathematical explanation. A portion of this apparent intractability is due to the inability of biologists to successfully assume complexity out of the systems that we study (as has been done in physics [Woodcock and Davis 1978] ), and a part of the difficulty lies in the relative recency with which we have seriously studied living systems. However, a portion of the problem is the belief by some biologists that mathematics has little to contribute to problems as complex as ours. While we would hardly agree with Lord Rutherford that, "All science is either physics or stamp collecting," his observation that many subdisciplines are largely just collections of related facts rings true today. Fortunately, range science appears to be developing and adapting systematic theories of essential processes underlying the object of study. Ecological systems frequently do not allow the formation of paradigms or models based even roughly on mathematical structure when traditional tools are applied to the task. For example, the calculus is completely entrenched in continuity; discontinuity is marginalized since most physical actions (e.g., rolling balls, falling objects, etc.) are continuous. Only in the last half of this century have mathematicians developed the tools for dealing with the enormous and unique difficulties of discontinuities which face the ecologist (and demographer, sociologist, and psychologist). It is incumbent upon us to begin the dialogue by exploring the uses and limits of paradigms such as catastrophe theory.
Appendix
The cusp catastrophe arises from a system with 1 state variable and 2 control parameters. Since a scalar differential equation has equilibria as the only interesting dynamical structure (there can not be limit cycles, homoclinic orbits, strange attractors, or other interesting dynamics in 1 dimension), the bifurcations will be of the number and type of equilibria as the control parameters vary.
The cusp is the universal unfolding of the topological singularity, x4. This means that the cusp is the simplest expansion around the singularity that exhibits all the possible dynamics present in any small perturbation of x4. The potential function for the cusp is given by, V(x) = 0.25 x4 + 0.50 ux2 + vx
Where the dynamics system is given by,
So, if we consider the possible phase planes (the phase plane being a line in the case of one state variable) that can occur from (2) as u and v are allowed to vary, we see that there can be 1, 2, or 3 equilibria (Fig. 3) . If there are 3 equilibria, it is always the case in the cusp that the middle one is unstable and the other 2 are stable. In the case of 2 equilibria, 1 is nonhyperbolic (i.e., F'(x) = 0) and the other is hyperbolic and stable. Notice that the instability of the nonhyperbolic point is of a different form than the hyperbolic unstable point, thus giving rise to the hysteresis effect. Now, if the equilibrium manifold for (2) is generated, we get the object in Figure 2 . The projection of this manifold into the u-v plane yields the bifurcation diagram. The catastrophe set, which is the set of points that if crossed by the equilibrium trajectory results in a sudden jump, is given by,
as seen in Figure 4 .
It can be seen from the mathematics of the cusp that there is an implicit assumption about the system being modelled with this catastrophe. It is necessary to assume that the state variable equilibrates very quickly, so that the data can be interpreted as being JOURNAL OF RANGE MANAGEMENT 46(4), July 1993
